Abstract. Following T.-J. Li, W. Zhang [16] , we continue to study the link between the cohomology of an almost-complex manifold and its almost-complex structure. In particular, we apply the same argument in [16] and the results obtained by D. Sullivan in [22] to study the cone of semi-Kähler structures on a compact semi-Kähler manifold.
Introduction
In studying differentiable manifolds and their structures, the de Rham and Dolbeault cohomologies provide an important tool. On a compact complex manifold M , the Hodge and Frölicher spectral sequence relates the latter to the former, as follows
On a compact Kähler manifold as well as on a compact complex surface, this spectral sequence degenerates at the first level and the trivial filtration on the space of differential forms induces a weight 2 formal Hodge decomposition in cohomology: that is, the de Rham cohomology admits a decomposition through the Dolbeault cohomology; in other words, the complex structure yields a decomposition not only at the level of differential forms but also in cohomology. T.-J. Li and W. Zhang studied in [16] the class of the almost-complex manifolds for which a similar decomposition holds, the C ∞ -pure-and-full manifolds (see §1 for the precise definitions). Obviously, compact Kähler manifolds and compact complex surfaces are C ∞ -pure-and-full; moreover, T. Drǎghici, T.-J. Li and W. Zhang proved in [8] that every 4-dimensional compact almost-complex manifold is C ∞ -pure-and-full. In [16] , the notion of C ∞ -pure-and-full almost-complex structures arises in the study of the symplectic cones of an almost-complex manifold: more precisely, [16, Proposition 3 .1] (which we quote in Theorem 2.1) proves that, if J is an almost-complex structure on a compact almost-Kähler manifold such that In §4, we consider the problem of the semi-continuity of h ) is upper-semicontinuous. We give some examples showing that the situation is more complicated in dimension greater than four: in Example 4.2 we present a curve of almost-complex structures on the manifold ηβ 5 as a counterexample to the upper-semi-continuity of h − Jt (ηβ 5 ) and in Example 4.4 we consider S 3 × T 3 as a counterexample to the lower-semi-continuity of h + Jt (S 3 × T 3 ); however, note that the C ∞ -pureness does not hold for all the structures of the curves in these examples, therefore one could ask for more fulfilling counterexamples. Since the problem of the semi-continuity of h + Jt (M ) is related to finding J t -compatible symplectic structures near a J 0 -compatible symplectic form on M for t small enough, we study the problem of finding obstructions to the existence of classes in H + Jt (M ) each of which has a J t -invariant representative close to a J 0 -invariant one. Semi-continuity here is rarely satisfied, as Proposition 4.9 shows.
C
∞ -pure-and-full almost-complex structures
Let M be a differentiable manifold of dimension 2n and let J be an almost-complex structure on M , that is, an endomorphism of T M such that J 2 = − id T M . Following [16] , define the following subgroups of H
For a complex manifold M , by saying that M is, for example, C ∞ -pure-and-full, we mean that its naturally associated integrable almost-complex structure is C ∞ -pure-and-full. Using currents instead of forms, the definition of pure-and-full structure is recovered. Furthermore, we will say that an almost-complex manifold (M, J) is C ∞ -pure-and-full at the k-th stage if the decomposition
holds, and complex-C ∞ -pure-and-full at the k-th stage if the decomposition
holds; again, similar notions for the currents will be understood.
We refer to [16] , [8] , [11] and [2] for a more detailed study of these and other properties. We recall that every compact complex surface and every compact Kähler manifold is C ∞ -pure-and-full (see [8] ), since, in these cases, the Hodge-Frölicher spectral sequence degenerates at the first level and the trivial filtration on the space of differential forms induces a Hodge structure of weight 2 on H 2 dR , see, e.g., [4] , [7] (in fact, a compact Kähler manifold is complex-C ∞ -pure-and-full at every stage); more in general, T. Drǎghici, T.-J. Li and W. Zhang proved in [8, Theorem 2.3 ] that every 4-dimensional compact almost-complex manifold is C ∞ -pure-and-full.
1.1. C ∞ -pure versus C ∞ -full. We note that, on a 4-dimensional compact almost-complex manifold, being C ∞ -pure is, in fact, a consequence of being C ∞ -full (in a little more general setting, on a 2n-dimensional compact manifold one can prove that being C ∞ -full at the stage k implies being C ∞ -pure at the stage 2n − k, see [ 
that is, in compact notation, 0 3 , 12, 14, 24 .
Consider the invariant complex structure on N 1 whose space of (1, 0)-forms is generated, as a ; the integrability condition is easily checked, since
(here and later, we use notations like ϕ AB to mean ϕ A ∧φ B ). Nomizu's theorem (see [19] ) makes the computation of the cohomology straightforward:
where harmonic representatives with respect to the metric g = i ϕ i ⊙φ i are listed instead of their classes. Therefore, we have
and H
that is to say: J is a C ∞ -full complex structure which is not C ∞ -pure.
\G 2 be a 6-dimensional compact nilmanifold, quotient of the simply-connected nilpotent Lie group G 2 whose associated Lie algebra g 2 has structure equations 0 4 , 12, 34 and consider on it the complex structure given requiring that the forms
are of type (1, 0); the integrability condition follows from
Nomizu's theorem (see [19] ) gives
indeed, with respect to g = i ϕ i ⊙φ i , one computes
that is, ϕ 13 , ϕ 12 and ϕ 23 are g-orthogonal to the space ∂∧ 1,0 ; in the same way, one checks that
that is to say: J is a C ∞ -pure complex structure which is not C ∞ -full.
For the sake of clearness, we collect the previous examples in the following.
Proposition 1.4. Being C ∞ -pure and being C ∞ -full are not related properties.
Complex-C
∞ -pure-and-fullness for four-manifolds. On a compact complex surface M with b 1 (M ) even, one has that the natural filtration associated to the bi-graded complex ∧ •,• M induces a Hodge structure of weight 2 on H 2 dR (M ; C) and a Hodge structure of weight 1 on H 1 dR (M ; C), see [4] . In particular, one has that M is complex-C ∞ -pure-and-full at every stage (and so C ∞ -pure-and-full), that is, H 2 dR (M ; C) splits as
(We remark that, as a consequence of the Enriques and Kodaira's classification of compact complex surfaces, actually every 4-dimensional compact integrable almost-complex manifold M with b 1 (M ) even is a Kähler surface.) One could ask if every 4-dimensional compact almost-complex manifold is complex-C ∞ -pure-and-full at every stage. The following example proves that this is not true. Example 1.5. Consider the standard Kähler structure (J, ω) on T 2 C and let {J t } t be the curve of almost-complex structures defined by
For t = 0 small enough, a straightforward computation yields
therefore one argues that J t is not complex-C ∞ -pure-and-full at the 1-st stage, being
Moreover, one could ask if, for a 4-dimensional almost-complex manifold, being complex-C ∞ -pureand-full at the 1-st stage or being complex-C ∞ -pure-and-full at the 2-nd stage implies integrability: the answer is negative, as the following example shows. We remark that T. Drǎghici, T.-J. Li and W. Zhang proved in [8, Corollary 2.14] that an almost-complex structure on a 4-dimensional compact manifold M is complex-C ∞ -pure-and-full at the 2-nd stage if and only if J is integrable or h − J = 0. Example 1.6. Consider a 4-dimensional compact nilmanifold M = Γ\G, quotient of the simplyconnected nilpotent Lie group G whose associated Lie algebra g has structure equations 0 2 , 14, 12 ;
let J be the almost-complex structure defined by
note that J is not integrable, since Nij(ϑ 1 , ϑ 3 ) = 0 (where {ϑ i } i∈{1,2,3,4} is the dual basis of e i i∈{1,2,3,4}
). It has to be noted that a stronger fact holds, namely, M has no integrable almost-complex structure: indeed, since b 1 (M ) is even, ifJ were a complex structure on M , then M should carry a Kähler metric; this is not possible for compact nilmanifolds, unless they are tori. One computes
Note however that J is not complex-C ∞ -pure-and-full at the 2-nd stage but just C ∞ -pure-and-full (the fact that ϕ 12 + ϕ12 does not have a pure representative can be proved using an argument of invariance, as in Lemma 4.7). Moreover, observe that if we take the invariant almost-complex structure
we would have a complex-C ∞ -pure-and-full at the 2-nd stage structure which is not complex-C ∞ -pureand-full at the 1-st stage (obviously, in this case, h 
The cone of a semi-Kähler manifold
Let (M, J) be a compact almost-complex manifold. We recall that a symplectic form ω (that is, a d-closed non-degenerate 2-form) is said to tame J if ω(·, J·) > 0 and it is said to be compatible with J if it tames J and it is J-invariant, that is ω(J·, J·) = ω(·, ·). We define the tamed J-cone K 1 does in the almost-Kähler case. We give here a short resume of some necessary notions and results from [22] . Recall that a cone structure of p-directions on a differentiable manifold M is a continuous field {C(x)} x∈M with C(x) a compact convex cone in ∧ p (T x M ). A p-form ω is called transverse to a cone structure C if ω⌊ x (v) > 0 for all v ∈ C(x) \ {0}, varying x ∈ M ; using the partitions of unity, it is possible to construct a transverse form for any given C. Each cone structure C gives rise to a cone C of structure currents, which are the currents generated by the Dirac currents associated to the elements in C(x), see [22] ; one can prove that C is a compact convex cone in D ′ p (M ) (we are assuming that M is compact). Moreover, one defines the cone ZC of the structure cycles as the subcone of C consisting of d-closed currents; we use B to denote the set of exact currents. Therefore, one has the cone HC in H p (M ; R) obtained by the classes of the structure cycles. The dual cone of HC is denoted byHC ⊆ H p dR (M ; R) and it is characterized by the relation H C, HC ≥ 0; its interior (which we will denote by intHC) is characterized by intHC, HC > 0. Finally, recall that a cone structure of 2-directions is said to be ample if, for every x ∈ M , C(x) ∩ span{e ∈ S τ : τ is a 2-plane} = {0}, where S τ is the Schubert variety given by the set of 2-planes intersecting τ in at least one line; by [22, Theorem III.2] , an ample cone structure admits non-trivial structure cycles.
We are interested in the following cone structures. Given a 2n-dimensional compact almost-complex manifold (M, J) and fixed p ∈ {0, . . . , n}, let C p,J be the cone whose elements are the compact convex cones C p,J (x) generated by the positive combinations of p-dimensional complex subspaces of T C x M belonging to ∧ 2p (T C x M ). We will denote with C p,J the compact convex cone (see [22, III.4] ) of the structure currents (also called complex currents) and with ZC p,J the compact convex cone (see [22, III.7] ) of the structure cycles (also called complex cycles). The structure cone C 1,J is ample, see [22, p. 249] , therefore it admits non-trivial cycles.
We need also the following (see e.g. [21, Proposition I.1.3]).
Lemma 2.5. A structure current in C p,J is a positive current of bi-dimension (p, p).
Note that Kb t J can be identified with the set of the classes of d-closed (2n − 2)-forms transverse to C n−1,J . As an application of a general fact, we get the following. , that is, to a functional on π n−1,n−1 Z which vanishes on π n−1,n−1 B; such a functional, in turn, gives rise to a hyperplane L in π n−1,n−1 Z containing π n−1,n−1 B, which is closed in D ′ n−1,n−1 (M ) R (since a kernel hyperplane in a closed set) and disjoint from C n−1,J \ {0} by the choice made for e. Pick a Hermitian metric and let ϕ be its fundamental form; set
then K is a compact set. Now, in the space D ′ n−1,n−1 (M ) R of real (n − 1, n − 1)-currents, consider the two sets L (which is a closed subspace) and K (which is a compact convex non-empty set), which have empty intersection. By the Hahn-Banach separation theorem, there exists a hyperplane containing L (and then also π n−1,n−1 B) and disjoint from K. The functional on D ′ n−1,n−1 (M ) R associated to this hyperplane is a real (n − 1, n − 1)-form which is d-closed (since it vanishes on π n−1,n−1 B) and positive on the complex (n − 1)-subspaces of
A similar proof yields the following (see [14] , [16] ). Proof. Note that (i) is a consequence of (ii), since, if J is integrable, then J is closed (see [14, Lemma 6] ), that is, π 1,1 B is a closed set. We prove (iii), following closely the proof of (i) in [14, Proposition 1.2, Theorem 1.4]. For the "only if" part, observe that if ω is a semi-Kähler form and
For the "if part", fix again a Hermitian metric (we will call ϕ its fundamental form) and set K := T ∈ C n−1,J : T ϕ n−1 = 1 ; K is a compact convex non-empty set in D 
is not injective. We give two explicit examples of 2n-dimensional balanced manifolds (with 2n = 6 and 2n = 10 respectively) whose ω n−1 is an isomorphism and with small balanced deformations.
Example 3.4. Let ηβ 5 be the 10-dimensional nilmanifold considered in [1] to prove that being p-Kähler is not a stable property under small deformations of the complex structure. We recall that the complex structure equations are
The manifold ηβ 5 admits the balanced form
h=1 ϕ h ⊙φ h , the same result follows from an argument similar to [11, Theorem 3.7] ). Now, consider the complex deformations defined by
for t ∈ C small enough; it is straightforward to compute
therefore, if t is small enough, then the complex structure equations are [9] that, given a family {J t } t of (C ∞ -pure-and-full) almostcomplex structures on a 4-dimensional compact manifold M , the dimension
is a lower-semi-continuous function in t, and therefore the dimension
Their result is closely related to the geometry of four-manifolds. We are interested in establish if a similar result could occur in dimension higher than 4 assuming further hypotheses. But, first of all, we provide several examples showing that things are more complicated in dimension higher than 4.
In 
We can now give an example of a curve of compact almost-complex manifolds such that (7) is not satisfied and, therefore, there is not a semi-continuity in the stronger sense described above. given in [10] (see also [6] ) as an example of a cohomologically Kähler manifold without Kähler structures.
(In the following, we consider c = 1.) The structure equations of N 6 are (12, 0, −36, 24, 56, 0) .
We look for a curve {J t } t of almost-complex structures on N 6 and for a J 0 -invariant form α that do not satisfy the obstruction (7): therefore, there will not be a J t -invariant class close to α. In other words, we ask for a direction L along which we do not have the strong semi-continuity in the sense described above. Consider the almost-complex structure We need now to find a 2-form β such that (8) d β = b it is straightforward to check that no invariant β satisfying (8) could exist; therefore, by Lemma 4.7, also no non-invariant such β could exist.
We resume the content of the last example in the following.
Proposition 4.9. There exist a compact C ∞ -pure-and-full almost-complex manifold (M, J 0 ) and a curve {J t } t of almost-complex structures on it such that, for every t small enough, there exists no J t -invariant class close to every fixed J 0 -invariant one.
